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Technical Comments.
Comment on "Optimal Space Flight
with Multiple Propulsion Systems"

E. A. WILLIS JR.* AND L. H. FiSHBAcnf
NASA Lewis Research Center, Cleveland, Ohio

IN a recent article, Hazelrigg1 presented a thrust switching
criterion that may be used to select the optimum thrust

and ISp levels (out of several available combinations, including
coast) at all points along a space flight trajectory. A con-
ventional "switching function" K{ is computed for each of
the n possible thrust combinations; the value of i(l < i < ri)
is then chosen to maximize the product Kfii max or, equiva-
lently, the Hamiltonian function H.

This is an interesting and useful approach. It must be
pointed out, however, that essentially similar contributions
have appeared previously in the 1967-1968 literature. The
object of this Comment is to bring two prior and relatively
thorough treatments to the attention of readers who may be
contemplating further development of the subject. Papers by
Dickerson and Smith,2 and Fishbach,3 for example, resulted in
switching criteria identical or mathematically equivalent to
the Kifti function of Ref. 1 [i.e., compare Fig. 1 (Fig. 1 of
Ref. 1) with Fig. 2 (Fig. 4a of Ref. 3)]. Moreover, Ref. 2
analytically developed the optimal thrust sequencing policy;
the same result was illustrated numerically (for several values
of n) in Ref. 3. References 1 and 2 both showed a solar-
electric power source in their illustrative examples, while
Ref. 3 showed the constant power case. Reference 3 further
compared the resultant acceleration histories, J values, and
propellant requirements with those corresponding to the
variable-thrust case, and showed that variable thrust per-
formance can be rather closely approached using as few as
three different thrust levels.

The main features of these contributions are summarized
in Table 1. We suggest that the points covered are well

Table 1 Some recent results on multiple-
thrust-level trajectories

Result

Development
of pK cri-
terion (or
equiva-
lent)

Thrust se-
quencing
policy

Power source
illustrated

Efficiency
illustrated

Comparison
with vari-
able thrust
case

Hazelrigg,1
10/68
Yes

Analytical :
illustrative
analytic
example for
the field-
free case,
n = 2

Solar-electric

Constant

No

Paper
Dickerson and
Smith,2 8/68

Yes

Analytical
proof

Solar-electric

Variable

No

Fishbach,3
8/67

Yes

Numerical
demonstra-
tion for n =
2, 3, 5, 6

Constant
power

Not considered

Yes; o(«), «2(0,
J(t), and Mp
as functions
of n
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Fig. 1 Switching function histories taken from Ref. 1.

known by now and that future contributions could more ap-
propriately be directed toward either significant theoretical
extensions or realistic engineering applications.
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Fig. 2 Switching function histories taken from Ref. 3.
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Erratum: "Natural Frequency of
Longitudinal Modes of Liquid

Propellant Space Launch Vehicles"

C. DESMOND PENGELLEY
General Dynamics Corporation, San Diego, Calif.

[J. Spacecraft Rockets 5, 1425-1431(1968)]

IN the foregoing paper expressions were derived for use in
calculating longitudinal modes of thin shell tanks that

are built up from conical frustums and which contain liquid.
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